Abstract. This paper formulates general conjectures relating the structure of the 2-classgroup C2(dp) associated to Q(\/dp) to the splitting of the ideal (p) in certain algebraic number fields. Here Jï2 (mod 4) is a fixed integer and p varies over primes. The conjectures assert that there exists an algebraic number field tij(d) such that the Artin symbol [(^l,(d)/Q)/(p)] determines the first y 2-invariants of the group C2(dp), i.e. it determines C2(dp)/C2(dp)v. These conjectures imply that the set of primes p for which C2(dp) has a given set of 2-invariants has a natural density which is a rational number. Existing results prove the conjectures whenever y = 1 or 2 and also for an infinite set of d withj = 3. The smallest open case is y = 3,d= -21. This paper presents evidence concerning these conjectures for d = -4, 8 and -21. Numerical evidence is given that fl3(-21) exists, and that natural densities which are rational numbers exist for the sets of primes with 2j\h(dp) for d = -4 and 8, for 1 «y =c 7. A search for the hypothetical field ß4(-4) ruled out the simplest candidate fields: S24(-4) is not a normal extension of Q of degree 16 ramifying only at (2).
Using methods that in principle go back to Gauss and Dirichlet, Redei and Reichardt [30] (see also [26] ) determined the 4-invariant e2 of C2(Z>) in terms of quadratic residue criteria among the prime factors of D. Redei [27] later determined in special cases the 8-invariant e3 of C2iD) in terms of quartic residue criteria involving these prime factors. Redei [28] , [29] went on to develop a general theory analyzing the structure of the 2-classgroup, and related it to equations of the form Dxx2 -D2y2 = z2", where £>,D2 = D, and to the anti-Pellian equation x1 -DY2 = -1. He gave a general determination of the 2-'-invariants of C2iD) in terms of the ranks of certain matrices calculated using class field theory. Morton [19] gave an elementary version of Redei's theory and showed that Redei's matrices could be calculated using the solutions of certain auxiliary equations of the form x\ -a,x\ -a2x\ = 0. Waterhouse [36] had earlier showed the 8-invariant e3 could be calculated in this way. These results all have the feature that for j > 3 the 2-invariants e are no longer connected in a direct way with the prime factorization of D.
This paper proposes conjectures that relate the 2y-invariants of C2(Z>) to the prime factors of D in an explicit way, and presents evidence supporting these conjectures.
These conjectures were motivated by the special case C2(-4/>), where/? is a prime. In that case C2(-4/?) is a cyclic group, by genus theory, and we know that Here (1.1) follows from genus theory, (1.2) from the Redei-Reichardt theorem, and (1.3) is a result of Barrucand and Cohn [1] . We observed that the right sides of (1.1)-(1.3) can be interpreted in terms of the splitting of prime ideals (/?) in certain normal extensions of Q, as follows.
( 1.4) p = 1 (mod4) » ip) splits completely in Q(/'), (1.5) p = 1 (mod8) <=>(/?) splits completely in Q(£8), (1.6) p = x2 + 32y2 « ( p) splits completely in QKg, xj 1 + ^¡2 J.
Here f8 = exp(277//8) is an 8th root of unity. The equivalences (1.4), (1.5) are consequences of class field theory over Q, and (1.6) is a consequence of class field theory over Qif^). (Q(f8, /l + \/2 ) is the ring class field (mod(4)) over Qif^).
See [2] for a discussion of ring class fields.) A consequence of conditions ( 1.4)-( 1.6) is that the sets of primes they determine have a natural density. Let 2 denote the set of all primes/? for which 2J\ hi-4p).
The right sides of (1.4)-(1.6) imply that the sets 2,, 22, and 23 have natural densities 1/2, 1/4, and 1/8, respectively, by an application of the Chebotarev density theorem [4] , [17] .
Chebotarev Density Theorem. Let K be a finite Galois extension of Q, and C a conjugacy class of the Galois group G = Gal(À/Q). Then the set of primes K/Q 2(C) = Up):
has a natural density which is equal to [ C \/\ G \.
C
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Recall here that the Artin symbol [(A/Q)/(/?)] is a conjugacy class of the Galois group Gal(/v/Q) defined for all primes/?!dK, where dK is the discriminant of K. It consists of those elements a E Gal(Ä/Q) for which there is a prime ideal P of K lying over (/?) for which x" = xp (mod P), for all algebraic integers x in K. The Chebotarev density theorem applies to the sets defined by the right side of (1.4)-(1.6) because the condition that (/?) split completely in a normal extension K over Q is exactly that the Artin symbol [(A/Q)/(/>)] be the identity element in the Galois group Gal(AT/Q).
The equivalences (1.1)-(1.6) lead us to ask the question: Under what circumstances can the set of primes /? for which C2idp) has a given structure G be described in terms of Artin symbol conditions in some algebraic number field? Here d is held fixed and p is allowed to vary. We must suppose that d s 2 (mod 4) in order that there be an infinite number of primes p for which D = dp isa discriminant.
We conjecture this is always the case. In order to relate the conjectures to known results, we phrase them in terms of the quotient group C2idp)/C2idp)2', i.e., in terms of the 2/c-invariants of C2idp) for 1 < k <j.
Conjecture
C-(</). Given the integer ¿z2 (mod4), there exists a normal extension K = Kjid) ofQ having the following property Pjid). Property Pjid). If p, andp2 are primes such that
then C2(í//?|) and C2idp2) have the same 2k-invariants for 1 <k<j.
Using elementary group-theoretic and Galois-theoretic considerations, we prove the following result in Appendix A. Theorem 1.1. If there exists some extension K with Property PAd), then there exists a unique field S2y(</) of smallest degree with this property. Furthermore ti{d) is a subfield of every field K having Property PÂd).
We call such a field OE/d) a governing field, since the Artin symbols [(Qjid)/Q)/ip)] govern the structure of the group C2idp)/C2idp)2'.
If Conjecture Cjid) is true, then an application of the Chebotarev density theorem implies the truth of the following conjecture.
Density Conjecture Djid). Given the integer </z2 (mod4), and an abelian 2-group G of exponent <y' -1, the set 2jid,G)={ip):C2idp)^G}.
has a natural density which is equal to a rational number.
What evidence is there for these conjectures? First, Conjecture Cxid) is true for all ¿z2 (mod4). This follows from genus theory using class field theory over Q; one can take Kxid) = Q(v^T). Second, Conjecture C2(d) is true for all d s 2 (mod4). This follows from the Redei-Reichardt theorem and more class field theory over Q; one can take for K2id) the field Qif-ï,J~p\~, Jp~î,-■ -, Jp~r), where the /?, are the distinct primes dividing 2d. Third, Conjecture C3id) is known to be true for some particular d. For d= -4, the equivalences (1.3) and (1.6) imply that ß3(-4) = Q(f8, V1 + f2). Conjecture C3id) is also true for all those discriminants d to which the results of Redei [27] apply; his quartic residue symbol criteria can be used to find an appropriate field K3id) using class field theory. More recently Morton [20] [21] [22] [23] has proved Conjecture C3id) for an infinite set of squarefree d. Kaplan [10]- [12] has also derived criteria which we believe (but have not checked) can be used to prove Conjecture C3id) for certain infinite classes of d, using class field theory.
The available methods of proof all break down for j > 4. They give no indication whether or not Conjecture Q is true for any d.
This paper describes the results of a search for numerical evidence supporting these conjectures. First, we tested the Density Conjecture Djid) for d = -4 and 8, where C2idp) is always a cyclic group, by examining large tables of class numbers. We accumulated data for d = -4 and empirically observed that the densities of the sets 2y on an initial segment of primes were close to 1/2^ for 4 <y «£ 7, in particular, close to 1/16 for 161 hi-4p). In addition there exist fast algorithms for computing C2iD) without computing CiD). (The basic algorithm of this type is due to Shanks [33] . See [14] for additional references and a computational complexity analysis of one such algorithm.***) We give data for d = 8 extracted from a table of Kaplan and Sanchez [13] computed using such an algorithm. Here the densities of the sets 2/8) of primes with 2J\ /i(8/?) on an initial segment of primes were close to 1/4^ for 4 <f < 7. (The densities l/4y for 1 ^j<3 are known to exist.) Second, we examined Conjecture C3id) for the simplest case d = -21 which is not yet known to be true. Section 3 describes our search for fi3 (-21) . Guided by analogy with existing results, we located a field K for which there is overwhelming numerical evidence that ñ3(-21) C K. This example convinces us that Conjecture C3 is true for all ¿z 2 (mod 4).
Third, we examined Conjecture C4(-4). Section 4 describes our search for a field fi4(-4) extending the equivalences ( 1.1)-( 1.6). We obtained negative results, ruling out all candidate fields of degree 16 ramifying only at (2) , and certain fields of degree 32. Section 5 suggests new directions to pursue in a search for fí4 (-4) . At present we do not have any direct evidence for the truth of Conjecture C4(-4).
P. Morton has observed that the available evidence supports conjectures somewhat stronger than Conjecture Cjid). First, in all known cases the splitting behavior of (/?) in fl-(ii') and its subfields determines the 2/t-invariants of C2idp) for 1 < k < j. This assertion can be formulated in Galois-theoretic terms, as follows. We say that elements o,, o2 of a group G are in the same division if there is an element T £ G and an integer m relatively prime to ord(a2) such that a, = t(<j2)'"t~1. [19] unfortunately suggests that the use of Gauss' ternary form algorithm in an algorithm to calculate C2(d) was first proposed in [14] . This idea is due to D. Shanks [33] . Conjecture C*id). Given the integer dz2 (mod4), there is a finite Galois extension K^ = KJid) ofQ with the following properties P*id) and U*id).
Property P*id). If two primes px, p2 have Artin symbols lying in the same division of Gal(AT*/Q), i.e. {(**/<?)/(/?,)} = {iK*/Q)/ip2)), then C2idpx) and C2idp2)
have the same 2k-invariants, for 1 < k <j.
Property U*id). If d > 0, and {(/C*/Q)/(/?,)} = {(AT*/Q)/(/?2)}, and C2idpx)
and C2idp2) have 2j-invariant zero, then d*id, /?,) = d*id, p2).
As with Conjecture Cjid), it can be shown that if a field KJid) exists, then there is a unique field Q*id) with the same properties which is a sub field of all such fields KJid). (See Appendix A.)
It is conceivable that further insight into these conjectures may be gained by more explicit knowledge about the Hubert 2-class fields of Qi)/dp); cf. [5] , [6] , [7] .
Finally we remark that it is possible to formulate analogues of Conjecture C-(D) concerning the structure of the /-classgroup of cyclic /-extensions of Q, where / is an odd prime.
We formulated the conjectures of this paper (in a less precise form) in early 1978, and proved Theorem 4.2 at that time. We described our results to P. Morton in 1979 and suggested that Conjecture C3id) could be proved for all d z 2 (mod4). This led to his work [20] [21] [22] [23] . The precise form of the conjectures stated in this paper would not have been made without Pat Morton's contributions; we are grateful to him for helpful conversations. Some of the results of this paper were announced in [8] .
2. Numerical Data on Densities. We examined the Density Conjecture for d = -4 using a table of class numbers hi~d) for d < 150,000. In this case C2(-4/?) is cyclic, so one needs only to find the value of y such that 2J\\ /z(-4/>). Since the Density Conjecture D3i-4) is known to be true in this case, we only tabulated primes p for which 81 /j(-4/?). Table 1 presents the observed counts of primes with 2J\\ hi~4p), where the counts were done in blocks of 100. At the bottom of the table we give the expected values of the counts, assuming conjectural densities of 1/27 for 4 <j < 7, and we compare this with the observed average value of the counts. The agreement of the data with these conjectured densities is good. The density fluctuations in the blocks of 100 are well within the ranges one would expect if there exist governing fields Q/-4) for 4 <y < 7. Table 1 Primes p for which 2J\\ hi~4p), counted in blocks of 100 primes for which 8| /i(-4/>). We examined the Density Conjecture for d = 8 using the table of Kaplan and Sanchez [13] . They computed the 2-class number of Qij2p) for p < 2,000,000 for which 81 /i(8/?), using a special purpose algorithm; see [33] , [13] . In this case again C2(8/?) is cyclic; the densities are known to exist and to be l/4; for the sets of primes with 2y| /i(8/?) for k = 1, 2 and 3. Table 2 presents counts for such primes done in blocks of 1000. At the bottom of the table we give the expected values of the counts, assuming conjectured densities of 3/4y for 2j\\ /¡(8/?) for 4 <j *£ 7. Kaplan and Sanchez [13] have conjectured that the three sets of primes/? with 2J || /i(8/?) and x2 -2px\ = -1,2 and -2, respectively, each have density l/4y. The data agree well with these conjectured densities. Table 3 gives the least primes/? for which 2y|| hi-4p), for 1 <y < 9. Table 4 lists the least primes p for which 2y|| hi%p) and for which a particular equation x\ -2px\ = D* is solvable, where D* = -1, 2 or -2. Table 3 77ie smallest prime p for which 2 >\ \ h ( -4p ). Table 4 The smallest primes p for which 2J\\ hi&p) and X2 -2pY2 = -\,2or -2 is solvable. 3. The Governing Field ß3(-21). Conjecture C3id) has been proved for all d in which the 2-classgroup is cyclic; see [23] . In addition Morton [20] has proved Conjecture C3(J) for d = -p,p2 ■ ■ ■ pk, where all/?, = 1 (mod4) and all (/>,//>,) = 1. The simplest case left open is d = -21.
We searched for a field ß3(\/-21 ) governing the structure C/C% of the fields Qi^/-21p), where /? runs over primes/? = 3 (mod 4). In this case the 2-classgroup of Q(v/-21/? ) has the structure Z/2Z 0 Z/2yZ for some; » 1. To analyze the structure of this group further, we use the language of quadratic forms. Table 5 gives (ambiguous) forms Q3, Q7 and Q2X which are representative of the three nontrivial form classes of order 2 of discriminant -21/?. There are two genus characters x_3, X_7 given by the Kronecker symbols (-3/) and (-7/-)- Table 5 also gives the values of these characters on these forms calculated using the quadratic reciprocity law. From Table 5 
From Table 5 we infer that H2(-21) = QifÂ,f3 ,fl). Here fÄ is present to guarantee the Artin symbols of ß2(-21) separate primes/? = 1 (mod4) from primes /? = 3 (mod 4). Table 6 presents numerical data on the 2-class number of Q(y-21/?) for 21/? < 250,000. The primes are grouped in four columns according to the signs of the genus characters x_3> X-7- Table 6 Conjecture.
The governing field ß3(-21) exists and is a subfield of Q[f\,fi,fi, iJ-2(3 + fiï),x]l+ 2/7 ,/2(7 + ]¡2Í)).
The Governing Field ß4(-4). Conjecture C3(J) has been proved for an infinite set of d z 2 (mod 4). By contrast Conjecture C4id) has not been proved for even a single î/ï2 (mod 4).
In order to produce numerical support for Conjecture C4(-4), we searched for the hypothetical governing field ß4(-4). We were guided by analogy with the known governing fields ßy-(i/) with/' < 3. These suggest the following two working hypotheses concerning K = ß4(-4).
(HI) A"is normal over Q and [K: Q] = 16. (H2) The discriminant of K is 2k, for some k, i.e. K ramifies only over the ideal (2) .
Evidence favoring (HI) is given by the pattern of fields (1.4)-(1.6) and by the fact that those /? with 161 hi-p) appear to have natural density 1/16, as described in Table 3 . Evidence favoring (H2) is that all known governing fields ß/c/) ramify only at primes dividing 2d.
There are only a finite number of fields K satisfying (Hl), (H2). This is a consequence of the following fact, which has been known in principle since the 1920's. We indicate a proof for the reader's convenience. (ii) All primes p dividing the discriminant dK are in S.
Proof. Using the theory of the different and higher ramification groups, one can obtain a bound BiN, p) such that if pj\[ dK, then y < BiN, /?) for all fields K of degree N over Q. Ore [25] showed that if TV = b0 + bxp + b2p2 + ■■■ +bmpm with 0 < bm < /? -1 and if A denotes the number of nonzero /?,, then one can take BiN, p) = b0 + 2bxp + ■ ■ ■ +im + l)bmpm -A, and that this bound is sharp. We conclude that condition (ii) implies dK\D= II /»**'>. Then K * Q4(-4).
We give two proofs of this theorem.
First Proof. In order that K = ß4(-4) we must have ß3(-4) = Q(f8, i/l + f2 ) be a subfield of K; we assume that in the remainder of the proof. Then K is Galois over Q(f8) with Galois group G of order 4. Then G is abelian, and so all possible K are specified by class field theory over Q(f8).
Class field theory asserts that for an abelian extension K/k the prime ideals that split completely from k to K are those belonging to a certain subgroup of a ray classgroup modulo a certain conductor cond(K/k).
In our case assumption (ii) implies that the conductor involves only prime ideals lying over (2) in Q(£8). Now Q(f8) has unique factorization and in it (2) = (w2)4 totally ramifies, and we can take 772 = 1 + f8. Hence condiK/k) = (w2)m for some integer m. We defer the proof of Fact 1. Assuming it is true, we may conclude that any two prime ideals Q(f8) in the same ray class (mod*(w2)12) must have the same Artin symbol in each field K satisfying (i), (ii). We can show that no such K is ß4(-4) by exhibiting two such ideals inPi) and (w ) of norms/?, and/?2, respectively, such that 8||/i(-/)|) and 161 hi-p2). Indeed we have (8)) are in the same ray class with conductor (w2)'2. The theorem follows. It remains to prove Fact 1. To do this we explicitly determine all such extensions K. Then for each K we bound its conductor, using the conductor-discriminant formula of Hasse [9] and relative different calculations.
To determine all such fields, we use the fact that they are all Kummer extensions, since Q(f8) contains the 4th roots of unity. We use the already mentioned fact that Q(f8) has class number one (proved using the Minkowski discriminant bound), and the known factorization (2) = ( tt2 )4. We also need generators for the unit group U of Otts). It is a well-known fact that unit groups of cyclotomic fields are generated by the real units and the roots of unity. In this case the real subfield of Q(f8) is Q(V2~), and Fact 2 follows.
Let k0 = Q(f8). The information above implies that all such K have either the form k0(yfï), where /i has norm 1, 2, 22 or 23, or the form &0(y'/i7,y¡ír2"), where ¡i, = 1 + \/2 and /x2 has norm 1 or 2. Recalling that 772 = 1 + fg, the complete list is:
Cyclic4-extensions. K = A:0(v//t), where¡x = (1 + \/2)62 and 0=1, fg, 7r2, f87r2. Noncyclic 4-extensions. K = /c0(y 1 + /2 , ^¡0"), where ju = f8, w2, f87r2. We now bound the conductors of these fields, making use of Hasse's conductordiscriminant relation [9] . We need here three special cases of his formula.
(a) If K/k is a quadratic extension, then oendiK/k) = DK/k. We will also compute relative différents iSK/k) of quadratic extensions and make use of the relation Next let k2 = k0ifa), k3 = k0iJ¥), k4 = k0i^n). Using (4.2), we have cond(Â:,//c0)|(7r2)9, in all three cases. Then, using (c), we obtain cond(A/A:0)|(77-2)9, if GaliK/ k0)isa noncyclic group of order 4. The cyclic 4-extension case remains. We first bound DK/k¡ by bounding the different oK/k via (4.2) for all four possible fields K and then using (4.1). We obtain (4.5) DK/ki\i4ir2). Using this improved bound in the proof above leads tom< 11. This first proof depended on finding suitable prime elements 77593 and w8273. Once they were found, it was straightforward to verify that they have the required properties. We found 7r593 using Reuschle's tables [31] and located 7r8273 by a computer search.
The second proof is more direct, but involves more computation than the first proof.
Second Proof. (Sketch) We determine all possible fields K with Q(fg, v 1 + f2 ) as a subfield, normal over Q(?8), which ramify only over (2), as in the first proof. For each such field we determined on a computer which primes p < 2500 split completely. These are given in Table 7 . Primes that split completely are exactly the primes whose Artin symbol is the identity element. To show K ¥= ß4(-4), it suffices to locate two primes /?, and p2 that split completely, such that 8 ||/j(-/?,), and 161 /i(-/?2). This can be done for each field K using Table 7 . (Note that (593) splits completely in all seven candidate fields; this provides a consistency check on the first proof.)
The data in Table 7 was calculated using the fact that conditions for a prime (/?) to split completely in a field K can be expressed in terms of the factorization (mod /?) of a monic polynomial fix) = 0 whose root generates the field (Lang [18, p. 27]).+ In this case the fields are generated by a series of square-root adjunctions, and we can convert the condition that (/?) split completely into the solvability of a series fMore precisely, this is true except for a finite set of exceptional primes, which are the primes /? | Disc(/(*)). The only exceptional prime for the seven candidate fields we tested was (2). (Here jc,, x2, x3, x4 play the role of \TT, f8, v 1 + x/2 and y 1 + f2 , respectively, in Z//?Z.) We derived a system of successive square-root extractions (mod /?) like (4.6) for each of the seven candidate fields K and used a well-known fast algorithm for extracting square roots (mod p) (see [34] ) to compute the data given in Table 7 . D Table 7 Primes p < 2500 that split completely in fields of degree 16 which are Galois over k0 = Q(fs). Theorem 4.2 shows we must abandon at least one of the hypotheses (Hl), (H2). We considered replacing hypothesis (HI) by:
(HI*) K is normal over Q and [K : Q] = 2J for some/ > 5. We retained hypothesis (H2); Section 5 presents some further evidence suggesting (H2) is true.
Theorem 4.1 shows that there are only a finite number of fields satisfying (HI*), (H2) that have y < N, for a fixed N. Their number grows rapidly with increasing N. It is a difficult matter to obtain a complete list of such fields for any N > 6.
We examined certain fields of degree 32 satisfying (Hl*), (H2) suggested by the following theorem of K. S. Williams [37] , Table 8 Primes p < 2500 that split completely in certain fields of degree 32 that are cyclic We use the following facts about Q(f ,6). 
7=0
We again have two cases, depending on whether the candidate field K has cyclic or noncyclic Galois group over Q(f ,6). Let k2 = Q(f ,6). Cyc/ic4-exíe««'o«í. A = k2Cjp), where¡i = \f202 and 6 = QpQpQ?ulj*tfj, with each a, = 0 or 1.
Here we used the fact that Q(f 16, t/2 ) = Q(f 16, V1 + x¡2 ). There are in fact only 16 distinct cyclic fields; the presence of 1 + \/2 in the unit group introduces redundancies in this list. The redundancies are given by k2ijjx) = k2iji7), where ix' = f2~i6')2 and 0' = 0,|-"'0i~Bí0j~l,>«S«fí¿.
We obtain a nonredundant list of fields by fixing a3 = 0. Table 8 shows for all such fields K that K ¥= ß4(-4). Table 9 shows that all such noncyclic fields K have K J= ß4(-4). D 5 . Where might ß4(-4) be? Does the governing field ß4(-4) exist? We have ruled out the simplest candidate fields. It appears that the simple pattern of the equivalences (1.1)-(1.6) does not extend to the case where 161 /i(-/?). We believe that the existence of the hypothetical field ß4(-4) would provide the most reasonable explanation of the observed densities in Tables 1 and 2 . At this point one would like further theory which indicates where to search next for ß4 (-4) .
The following result, due to P. Morton, provides some further theory and suggests the possible truth of hypothesis (H2).
Theorem 5.1 (Morton) . Let n > 1, and let p be aprime for which
is solvable with x = 1 (mod 2), n > 1. Then 2"+11 /z(-4/?).
Proof. (Morton) The condition x = 1 (mod 2) guarantees /? = 1 (mod 8), so that (2) = P2 in Qif-p). Also P is a nonprincipal prime ideal since x2 + py2 = 2 is unsolvable. In Qif^p) we may rewrite (5.1) in the form (5.2) (y2"-' + fp)(y2"-'-fp) = 2x2\
Now let A be the greatest common ideal divisor of ( y2" + f^p) and ( y2" -J^) in QixFp). Then A\iy2" + \Fp) ~ iy2" ~ fp) = 2j=p. Since y is odd and/?) y, this gives A|(2). Since/? = 1 (mod8), \iy2" + J^p) is not an algebraic integer, so The condition that it be principal is a splitting condition on (/?) in the Hubert class field of Qi/2 ), and the condition that x = 1 (mod 2) is a splitting condition on (/?) in a ray class field over Qi\/2 ) whose conductor involves only ideals lying over (2). These observations are consistent with hypothesis (H2) in that they involve fields that ramify only over (2). Morton's condition (5.3) involves the representation of /? by the norm of an g element in a Z-module of rank 2 in the ring of integers Ol of the field L = Qif2). If we could extend this to a condition involving a Z-module of full rank 8 in 0L it would follow that ß4(-4) exists, and that it is an appropriate class field over Q(f8, \/2 ). Based on these remarks, we advance the following working conjecture.
Working Conjecture.
For all large enough j, ß4(-4) Ç M;, where Mj is the ray class field (mod(2y ) over Q(f8, v7!).
This conjecture can be used as a basis for a more extensive computer-aided search for ß4 (-4) . We remark that the fields Af ■ for large y contain ß3(-4) and they ramify only over (2). Theorem 5.1 together with the prime 390113 mentioned earlier show that ß4(-4) is not contained in Q(f32, \/2 ). Consequently if the working conjecture is true, we must have y > 1.
Appendix A. Governing Fields Are Unique.
Proof of Theorem 1.1. Let Kx and K2 be two fields having Property Pjid). The uniqueness of a minimal such field contained in all the others follows from the fact that k = K] n K2 also has the Property Pjid).
To prove this fact, let KXK2 be the compositum of K, and K2. It is Galois over Q since Kx and K2 are. Let Hx and H2 be the subgroups of G = Gal(KXK2/Q) keeping note that fiahxh2) = fiahx) = fia) for all a E G, hx E Hx, h2 E H2. Also if a = cbc~x (mod HXH2), then fia) = ficbc~xhxh2) = ficbc~x) = fib). For our application, / is that function on G which satisfies (i) and assigns to an element a the appropriate 2-classgroup structure guaranteed to exist by Property Pjid) for that Artin symbol. Note that KXK2 has the Property Pjid) because the sets of primes determined by its Artin symbols are a refinement of the sets of primes determined by the Artin symbols of Kx. Then property (ii) above is just the assertion that Ä^, and K2 have Property P^d), and the conclusion is that Kx n K2 also has Property Pjid). 
